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Abstract. The wobbling mode is uniquely related to triaxiality and introduces a series of bands with
increasing wobbling phonon number, nw. The pattern of γ-transitions between the wobbling excitations
will be influenced by the presence of an aligned particle. Evidence for the wobbling mode was obtained
recently, and even a two-phonon wobbling excitation has now been identified in 163Lu. The similarity of
the data in 163Lu to new strongly deformed triaxial bands and connecting transitions in the neighbouring
nuclei, 165Lu and 167Lu, establishes wobbling as a more general phenomenon in this region. The higher
phonon wobbling excitations show some anharmonicity, but the characteristic large ∆nw = 1 E2 strength
is observed. The wobbling interpretation is based on the comparison of electromagnetic decay strength
between bands to particle-rotor calculations in which an i13/2 proton is coupled to a triaxial core.

PACS. 27.70.+q 150 ≤ A ≤ 189 – 23.20.-g Electromagnetic transitions – 21.10.Re Collective levels

1 Introduction

Nuclei with N ∼ 94 and Z ∼ 71 provide a unique possibil-
ity of studying strongly deformed (SD) shapes with a pro-
nounced triaxiality [1,2]. Calculations with the Ultimate
Cranker (UC) code [3,4] based on a modified harmonic os-
cillator have revealed that large deformation minima are
actually expected for all combinations of parity, π, and
signature, α, in a region around the nuclei 163,165Lu [5,6]
where Triaxial Strongly Deformed (TSD) bands were first
found [5,7,8]. As an example a potential energy surface
for 163Lu is shown in fig. 1. The i13/2 proton orbital is
involved in the intrinsic structure of the TSD bands ob-
served in both even- and odd-N Lu isotopes.
Among the calculated, most favourable even-even Yb,

Hf and W isotopes for finding low-lying TSD structures
in the region are [6] 164,166Hf. It appears that in spite of
various searches in Hf nuclei no examples of TSD band
structures could be found in those isotopes, whereas there
is experimental evidence for three weakly populated TSD
bands in 168Hf, for which lifetime measurements have
confirmed the large deformation [9]. The search for TSD
bands in the region has been extended to heavier Hf’s
as well as to neighbouring Lu isotopes. Also new lifetime
measurements have been initiated to substantiate the ex-
pected large deformations.
A proof of nuclear triaxiality in the region was re-

cently obtained by the evidence for the wobbling mode
in 163Lu [10–12]. This mode is uniquely related to the
triaxial nuclear shape and adds a new dimension to the
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Fig. 1. Potential energy surface for 163Lu for parity and sig-
nature (π, α) = (+,+1/2) at I = 53/2~.

description of a rotating triaxial nucleus. The rotational
motion of a triaxial deformed nucleus with moments of in-
ertia, J x > J y,J z induces in the high spin limit, I À 1,
a sequence of wobbling bands described by the energy,
ER(I, nw) = I(I + 1)/2J x + ~ωw(nw + 1/2), where nw

is the wobbling phonon number and the wobbling fre-
quency, ~ωw = ~ωrot

√

(Jx − Jy)(Jx − Jz)/(JyJz) with
~ωrot = I~2/Jx [13]. A family of wobbling bands is ex-
pected to have a very similar intrinsic structure. The
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Fig. 2. Overview of searches and results for Lu and Hf nuclei.
References for the individual nuclei are: 161,162Lu [14], 163Lu [7,
10–12,15], 164Lu [16], 165Lu [5,17], 167Lu [18,19], 168Lu [20],
166Hf [21], 168Hf [9] and 170Hf [22]. References for lifetime
measurements on TSD bands are: 163,164,165Lu [8,23,24] and
168Hf [9].

presence of an aligned particle influences both E2 and
M1 matrix elements for transitions between the bands,
and the evidence for wobbling is based on the compari-
son of the strength of γ-transitions between the wobbling
excitations to particle-rotor calculations in which an i13/2

proton is coupled to a triaxial core [25].
The implications introduced by the wobbling mode in-

cluding the recent evidence for the one- and two-phonon
wobbling excitations in 163Lu are presented, after giving
an overview of experimental results on TSD bands in the
Lu-Hf region.

2 Structures of TSD bands in Hf-Lu nuclei

The Lu-Hf nuclei have been the subject for extensive spec-
troscopic investigations with the aim of understanding
the underlying structure in the strongly deformed triax-
ial well, exemplified in fig. 1, since the first established
πi13/2TSD band was found in

163Lu [7,8]. Figure 2 gives a
schematic overview of these investigations and the results
obtained. In addition, very recently a EUROBALL exper-
iment with the aim of studying further the bands found in
161,162Lu has been performed, and a recent finding of four
weakly populated, yet unconnected bands in 174Hf extends
the region to a considerably higher neutron number [26].
For many of the recent results presented at this confer-
ence, refer to refs. [12,14,17,22]. Although the region now
counts more than 20 bands, presumably of TSD structure,
only a few of them have been connected to known normal
deformed states, and have therefore known excitation en-
ergy and, possibly, spin and parity firmly assigned.
In the even-N Lu isotopes the yrast TSD band, with

positive parity and signature, α = +1/2 are interpreted
as based on an i13/2 proton. This particle is also involved

in the two connected TSD bands in odd-odd 164Lu. For
most of the bands referred to in fig. 2 the TSD structure
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Fig. 3. Dynamic moments of inertia for odd- and even-N Lu
isotopes. References for the individual nuclei are given in the
caption to fig. 2 For 167Lu the region of a crossing is omitted,
see text below.

is inferred from the similarity of the dynamic moment of
inertia, J (2), to values obtained for 163Lu. They appear
fairly constant with frequency over a large range in spin,
and larger than values for the ND bands when compared in
regions of frequency avoiding crossings in the ND bands.
As an example values of J (2) for the yrast TSD band
in the even-N Lu isotopes together with the lowest TSD
bands in odd-odd Lu isotopes are shown in fig. 3. For
the even-N Lu-isotopes in the lower panel of fig. 3 there
is a clear systematic trend with neutron number, in the
frequency dependence of J (2), which might be caused by
the approach of the neutron Fermi level to the strongly
deformation driving j15/2 sub-shell. A rise at high fre-
quency seems general, and therefore most likely related
to an alignment in the proton system. For TSD1 in 168Hf
and the newly found TSD band in 170Hf [22] the J (2)

values resemble those of 163,165Lu.
The mechanisms behind the decay-out from a potential

well of a different shape, as the case for the local minimum
at (ε2, γ) ∼ (0.4, 19

◦) in fig. 1, to the normal-deformed
well will depend on the excitation energy of the well and
the height of the barrier between the two minima. Decay-
out of superdeformed bands is a subject of considerable
interest. The few cases found are interpreted as mainly of
“statistical” character.
In the cases where the decay-out of TSD bands have

been established two different scenarios are present. The
decay-out observed in 164Lu from TSD1 and TSD3 [16]
comprises both stretched and unstretched E1 and E2
transitions in the energy range ∼ 0.9–1.5 MeV, most likely
of “statistical” nature. In contrast, the decay-out from
TSD1 in 163Lu at I = 25/2 and 21/2 (see fig. 4) can be
completely explained by mixing at I = 21/2, where the
level distance is ∼ 110 keV, with a rather large interac-
tion (∼ 22 keV). Since the band TSD1 comes consider-
ably closer to ND structures at higher spin with no obser-
vation of cross-band transitions, one may conclude that
the barrier is probably more efficient in separating the
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Fig. 4. Partial level scheme of 163Lu showing three TSD bands
together with the connecting transitions to the ND structures
to which the TSD states decay [11,12,15,27].

two minima at higher spin values, which also agrees with
calculations. The different branching ratios also contain
information on the ratio, Qt(TSD)/Qt(ND) ∼ 2, which
confirms the larger deformation of TSD1 [15]. The weak
E1 decay observed from I = 17/2~ resembles the E1 de-
cays observed in 164Lu.

In addition, data from GAMMASPHERE on the
decay-out in 167,168Lu [19,20], and, new data from a recent
EUROBALL experiment in 165Lu [17] show that in both
of these even-N Lu isotopes the decay-out of the yrast
TSD band occurs through mixing, like in 163Lu. In 167Lu
the TSD and ND bands cross and interact at intermediate
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Fig. 5. Excitation energy relative to a rigid reference of the
TSD bands together with normal-deformed bands in 163Lu
(top), 165Lu (middle) and 167Lu (bottom). The decays from
the excited TSD bands to the yrast TSD1 are indicated with
arrows.

as well as at low spin, see fig. 5, bottom part. The irregu-
larities at low frequency for 163,165,167Lu are in fact caused
by these interactions with ND states at lower spin. The
frequency range disturbed by the interaction at intermedi-
ate spin for 167Lu is removed from the figure. For 161Lu no
decay-out has been firmly established so far, but it seems
from the regular behavior of the dynamic moment of iner-
tia that decay-out in this nucleus is not caused by mixing,
in contrast to the case for 163,165,167Lu. With these dif-
ferent examples we conclude that the preferred decay-out
of a particular TSD band will depend on the excitation
energy relative to the available ND bands with which the
TSD states may mix at their closest mutual distance.
The best studied nucleus in the region is 163Lu, which

has four connected TSD bands, [10–12,15,27]. The most
striking feature of the level scheme of 163Lu, shown in
fig. 4, is maybe that the decay of the excited TSD bands
all proceed through the yrast TSD band, TSD1. In addi-
tion, the three bands, TSD1, TSD2 and TSD3 have very
similar dynamic moments of inertia and alignments over
almost the full frequency range. The multipolarity of the
transitions from TSD2, TSD3 and TSD4 to TSD1 and
from TSD3 to TSD2 have been determined by the analysis
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Table 1. Experimental values of angular-distribution ratios
W (25)
W (90)

, DCO ratios (gated on stretched E2 transitions), mixing

ratios 〈δ〉 and B(E2)out

B(E2)in
for ∆I = 1 transitions between TSD

bands in 163Lu [12]. Values for TSD2 → TSD1 are averaged
over transitions with 17.5 ≤ Ii ≤ 27.5 while the values for
TSD3 → TSD2 correspond to Ii = 22.5.

Trans. W (25)
W (90)

DCO ratio 〈δ〉 B(E2)out

B(E2)in

2 → 1 0.46(5) 0.33(3) −3.1+0.36
−0.44 0.21± 0.01

3 → 2 0.49(10) 0.38(11) −3.6+0.97
−1.93 0.51± 0.13

– – – −0.19+0.08
−0.12 0.019+0.024

−0.017

of Directional Correlation from Oriented states and angu-
lar distribution ratios, as well as linear polarization, for
the strongest of the transitions. It has thereby been pos-
sible to assign firm spin and positive parity to TSD2 and
TSD3, whereas TSD4, decaying to TSD1 with stretched
dipole transitions presumably has negative parity [27].
With very similar experimental features of the positive
parity bands, TSD1,TSD2 and TSD3 a pattern compat-
ible with expectations from wobbling phonon excitations
has emerged [10–12,25]. In contrast, TSD4 with negative
parity has ∼ 2~ larger alignment than TSD1-3, most likely
corresponding to the lowest expected three-quasiparticle
configuration with (π, α) = (−,−1/2) in the triaxial well.
The mixing ratios averaged over the∆I = 1 transitions

TSD2 → TSD1 give, together with the measured branch-
ing ratios, rather large values of B(E2)out/B(E2)in (see
table 1). For the ∆I = 1 transitions to TSD2 from TSD3,
which has a weaker population, only one value could be
extracted, and a polarization analysis has not been pos-
sible. Based on the close similarity to the quantities for
the TSD2 → TSD1 transitions, given in table 1, we as-
sume that the larger negative value for the mixing ratio
δ is the valid solution, resulting in an even larger value
of B(E2)out/B(E2)in. With such large E2 transition ma-
trix elements between these bands an interpretation in
terms of quasiparticle excitations in the triaxial well be-
comes very difficult. In that scenario TSD2 would be the
signature partner of TSD1, and TSD3 the lowest three-
quasiparticle structure built on the i13/2 proton coupled
to 2 quasineutrons with signature α = 0, for which the
large values of B(E2)out/B(E2)in, as measured between
them, would be most unlikely.
As illustrated in fig. 5, counterparts to TSD2 exist in

both 165Lu [17] and 167Lu [19]. The ∆I = 1 decays to
the yrast TSD1, also have relative strengths and mixing
ratios resembling those measured for 163Lu. In addition,
for 165Lu a band similar to TSD3 in 163Lu was found.
Here the population was too weak, though, to establish
the decay to TSD2, whereas ∆I = 2 decays to TSD1 were
found at very similar energies to those in 163Lu.

3 The wobbling mode

The wobbling degree of freedom in an odd, triaxial nu-
cleus like 163Lu with aligned particle angular momentum
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Fig. 6. Schematic coupling scheme of R and j relative to the
principal axis with the largest moment of inertia for a) the
cranking picture, and b) the wobbling mode. The subscripts
“f” and “u” refer to favoured and unfavoured couplings, with
alternate signatures. In the wobbling mode, the states with
spin I, I − 1 and I + 1, and I + 2 correspond to nw = 0, 1 and
2, respectively.

in addition to the collective angular momentum is differ-
ent from the original picture presented for an even-even
system [13]. Here, the total angular momentum is tilted
away from the axis of the largest moment of inertia by a
“wobbling angle” which increases with nw. In the presence
of an aligned particle with intrinsic angular momentum j

the wobbling mode is entirely related to the collective an-
gular momentum R with I = R + j. The difference in
the coupling scheme between the wobbling mode and the
conventional cranking picture is illustrated in fig. 6.

The presence of aligned particles favors a particular
(triaxial) shape and produces a unique pattern of electro-
magnetic transitions between the bands. The decomposi-
tion of the collective angular momentum shown in fig. 7
has been calculated with a model in which the aligned par-
ticle is coupled to a triaxial rotor [25]. The lowest solution
with positive parity and favored signature (α = +1/2), f1,
has the collective angular momentum fully aligned with
the x-axis (of largest moment of inertia). This solution is
identified with TSD1 in 163Lu. The second lowest solution
obtained with (π, α) = (+,+1/2), f2, has a considerably
smaller expectation value of the component Rx than f1.
For the lowest solution with positive parity and unfavored
signature, (α = −1/2), u1, the expectation value of Rx is
intermediate between f1 and f2, thus bearing out the ex-
pected increase in wobbling angle, here for the collective
part of the angular momentum, as illustrated in fig. 6.

The most crucial information from the particle-rotor
calculations of ref. [25] is contained in the size of the
electromagnetic transition matrix elements. In particu-
lar, the values of B(E2, nw = 1 → nw = 0) are around
22–30% of the B(E2, nw = 1 → nw = 1) values for
the collective in-band transitions in the spin-range cov-
ered by the experiment. Furthermore, with a wobbling
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Fig. 8. Experimental and theoretical values of
B(E2)out/B(E2)in. TSD1, TSD2 and TSD3 are identi-
fied with nw = 0, 1 and 2, respectively [12].

phonon description it is expected that B(E2, nw = 2 →
nw = 1) ∼ 2 · B(E2, nw = 1 → nw = 0). The values of
B(E2, nw = 2→ nw = 0) are small and only nonzero due
to anharmonicity in the quanta phonon description.

The data for 163Lu are compared to calculations in
fig. 8. The agreement illustrated in the figure, together
with difficulties in alternative interpretations of the large
B(E2) values for the transitions TSD2 → TSD1, and, in
particular the crucial TSD3 → TSD2 transition, provides
the evidence for the wobbling excitation mode in 163Lu
with one- and two-phonon excitations established.

The candidate bands for the one-phonon wobbling ex-
citation in 165,167Lu [17,19] show electromagnetic decay
properties similar to those for TSD2 → TSD1 in 163Lu,
supporting the evidence for the presence of wobbling and
thereby triaxiality in these Lu nuclei.

4 Summary and outlook

A very interesting region of triaxial shapes has been re-
vealed. Stable triaxiality is evident from the presence of
1st and 2nd phonon wobbling excitations in 163Lu. This
observation is further supported by the observation of
wobbling phonon excitations in 165,167Lu, neighbors to
163Lu, which confirms wobbling as a general phenomenon.
It is still a challenge, though, to establish a wobbling exci-
tation in an even-even nucleus without particle alignment
in addition to the collective angular momentum. Yet at
the spin values relevant for stable triaxial shapes some
alignment which will destroy the possibility to study the
“pure” textbook wobbling, is probably unavoidable. The
observed wobbling frequency carries information on the
distribution of the nuclear moments of inertia related to
the three principal axes. They are dynamical quantities
which through spectra of wobbling excitations may be
studied. The present results indicate that a spin depen-
dence is playing a role. This region of triaxiality provides
the possibility of studying coexistence not only between
different shapes, but also between the “normal” crank-
ing solutions in the strongly deformed triaxial well and
the wobbling quantal phonon excitation which represents
a different manifestation of the rotational degree of free-
dom, realized in a triaxial nuclear quantal system.
In addition to the particle-rotor calculations which

provide the basis for our evidence for the observation of
wobbling phonon excitations, alternative theoretical for-
mulations, for example using the cranked shell model plus
random-phase approximation [28] now exist. Other at-
tempts from nuclear-structure theory are underway [29].

The author is grateful to her many close collaborators on the
research related to nuclear triaxiality and the wobbling phe-
nomenon, in particular I. Hamamoto, D.R. Jensen, P. Bringel,
G. Schönwaßer, A. Neußer, and H. Amro, for fruitful discus-
sions and communication of results prior to publication.
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Hübel, T.L. Khoo, F. Kondev, T. Lauritsen, C.J. Lister,
B. Million, S.W. Ødeg̊ard, R.B. Piercey, L.L. Riedinger,
K.A. Schmidt, S. Siem, L. Wiedenhöver, J. N. Wilson, J.A.
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